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As we know the properties of relationships restricting the motion of a mechanical system,
can be expressed in terms of the properties of possible displacements allowed by these
constraints, The latter properties make it possible to construct equations of motion of
mechanical systems, to find the ways of integrating them and obtaining first integrals
and to draw conclusions on the mechanical properties of systems, The part played in it
by fundamental theorems of dynamics and their relationship to the elementary properties
of possible displacements, is well known,

Investigating less obvious properties of possible displacements related to groups of Lie's
infinitesimal transformations, Poincar€ [1] established equations of motion of mechanical
systems based on the group theory,

In connection with this, the present paper investigates possible displacements appearing as
cyclic displacements [2] for the theoren:s of interaction between the parts of a mechanical
system, which are mathematically expressed by the first integral obtained in [3], The latter
characterises the mutual interaction of parts of a mechanical system [3] and represents an inte-
gral of cyclic displacements,

1, Let us consider a mechanical system A, consisting of any number of material
points 77y 5, ... and divided into two parts,(1) and (2), We shall use the figure given
in [3], retaining its descriptive and definitive notation,

Let the origins of two rectangular coordinate systems X}/2 and X7/'Z which are always
parallel to the fixed system J§ 4 & . be associated withtwo points 4 and 4* belonging to
systems (1) and (2) respectively,

Let the coordinates of 4 and 4' be, in terms of the fixed coordinate systema, B, yand
a',p’, v'. rtespectively,

Let us also denote the coordinates of centers of gravity G and (" of (1) and (2), in the
fixed coordinate system, by «?, fi¢, y° and «0’, B9, y°' respectively

These coordinates are connected by

a®=1a - a B =K +Bo ¥ =M+ (1.1)
o = ra' oo, B =24B" + B, ¥ =AY + v
where ay, Bo, Yo, %’» 0" and y,” are arbitrary constants,

Smooth. constraints imposed on the sytem allow possible helical displacements of ( 1)
and (2) in the manner of rigid bodies, Moreover, rotations @, and @ are possible,
directed along two moving straight lines of constant direction passing through 4 and 4",

We shall denote by TT a plane passing through a.point ('situated at the intersection of
two straight lines of constant direction A5 and A'5", and parallel to vectors o, and @'
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Points 5 and 5" have fixed locations in coordinate sytems X}/ and X'7y/'2", and their
respective coordinates are @, b,¢, and @', b",c",

Let e and e’)be two unit vectors in the TT-plane passing through C, parallel to o, and
o’ Tespectively and let their direction cosines be [,, mq, no and ', my’, my'. Let now
be the ratio 4 (%45, |1’ the ratio 4'C: 4’5" and let A and A’ be the vectors coincident
with segments A5 and 4 C,

Possible translational displacements of the systems (1) and (2) are directed along the
straight lines 72 and 7', perpendicularto the planes passing through A’, ®," and A, e;.
We shall denote these planes by V' and \,

If we assume that lines A5 and A'B" are of constant direction, then the existence of
point (' of their intersection under possible displacements of the system, imposes one re-
striction on magnitudes 4 and 04°, To obtain this restriction we shall produce, through
C a plane, perpendicular to the line of intersection of planes Vv and V'. Now, if we con-
struct at the point (' straight lines parallel to 7 and 7', they will lie in the produced
plane, and the point of intersection of vand V' lying on this plane and coincident with
C at the instant £, will be somewhat displaced during the translational motion of &¢ and
84', Let us denote by 7 the distance of this point from the initial point displaced along
n by 64 ,and by ' its distance from the initial point displaced along 7 by 04", and
the angle between the planes vand V', by ©*% Then, we have

m = m'?)osq)* 4 Slsing*, m' = mcosp* - 81'sing* (1.2)
from which
m= 6i+'61' cos p* , o= Gl'-{-.ﬁl cos @* (1.3)
sin @* sin ¢*
follows,

Finally, we shall denote by A and A’ the cormresponding angles between the line of in-
tersection of v and V'and lines (4 and (4",
When mechanical systems (1) and (2) are displaced by & and &¢' respectively, then
point (' exists only if
mcosh = m’ cosA’

holds, This, by (1, 3), implies that

81 (cos A — cos A’ cos @*) = 81’ (cos A" — cos A cos %) (1.4)

Let us choose possible helical displacements such, that (1, 4) and
8l = y'u'e’ X A', 8" = ype x A, o = Ko, (1.5)

hold, rp' = %o, =0, (K, %, x’= const)

Systems (1) and (2) are under the action of arbitrary internal forces, Action exerted
by (1) and (2), can be reduced to: reaction f and a couple with the moment H at the
point 4 ,reaction R and a couple with the moment H’, at the point A' and reaction R
plus a couple with the moment W. at the point C - These forces are such, that conditions

W.e=0, Wee' =0 (1.6)
hoid 01 (% — ) eAR = oy (W — p') €A'R

External forces acting on the systems (1) and (2) under the assumption of invariability
of the systems, can be reduced to forces F and F’ and couples with moments M° and M’
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at the points 4 and 4",
These forces are such, that the conditions

ForA’=90, FoA=0, @M +e' M =0 (1.7)
are fulfilled,

Using first two conditions of (1, 5) and first two Egs. of (1, 7), we can write

X - OPIY L yZZ =0, OSa'Z'XFOP'TY +WIZ=0

Here and in the following X denotes summation over the points of (1), while 2 '- over
the points of (2),

Let us now take rectangular coordinate systems Eng and &'n’t’ with origins at 4 and
A" respectively, They are rigidly connected with solid bodies formed from the points of
the systems (1) and (2) under the assumption of their invariability within those systems,

Positions of Enf and §'n'{’systems with respect to X2 and X'Y/'2 systems are defined
by respective Eulerian angles 4, ¢y, ¢ and 9',4’, ¢’

We shall denote by ©,0,1s and 1,0, ithe projections on the X%/& and x'}/'2" axes of
respective velocities relative to En{ and £'n’l’ systems of the points of (1) and (2),
while by pi, ¢1, r -and py’, ¢;’, ry’ we shall denote the projections,on (=, y, z; «',

y'y z) -axes of instantaneous angular velocities of mechanical systems (1) and (2)
taken as rigid bodies associated with &nl and §'n’{’ coordinate systems,

Rates of change of Eulerian angles are related to angular velocities given above, by

d% . d 1 .

o = Preosy+qising, di;——*m—(plsm\p-qlcosxp)
ii—"’—=’1—¢=¢n"ﬁ( sin P — ¢; co: '
7 p18in Y — g cos ) (1.8

Another set of formulas referring to ¥'Y/'2" and &'n'f’, coordinates is obtained from
(1. 8) by supplementing all the magnitudes except %, with primes,

Let us now denote the direction cosines between the X}/z and §, n, [ axes by a;k
(i,k=1, 2, 3) where the subscripts refer to X}/Z -axes, and the superscripts refer to
E, n, { -axes, Similarly and retaining the same sequential order of indices, we denote
the direction cosines between the X/'2' and §’, n’, §’ axes, by %,

Projections of relative velocities of the points of (1) and(2) on the (x, 3/, 2:2 ", i/, 2"
and (&, v, fand§’,n’, {’')-axes, are connected by

d d d .
¥ = WTE; + a2 T"tl + o E%' (wow, mtogiagd, i =1,2,3)

dg’ dy’ ar (1.9
f =Rt 2 2 N -3 46 v inipi i _
w=p dt+BI r + Bi 2 (' v, BiBSBe, i=1, 2, 3)

where the symbols (UL1...) denote cyclic permutations,

Replacing, in the above formulas, velocities with coordinates, we obtain analogous
relations between the (z, y, z, &, v, {) and (', ¥, ¢, &, v, {') coordinates of the
points of (1) and (2),

2. A mechanical system A can, at any time %, be defined in terms of Poincar€ [1 and
2] variables

@B vt e b L B YLV B L v=1,2, ) @

We shall use real independent variables
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dao a8 dy da’ ag’ dy’

dt * dit ' dt ) di ' dt? dt
dav dnv _dgv dE.,’ dnv' dcv'

dt ' dt’ dtt Tdr ' di ' Tdt
@=1,2..,12; i=1,2,...,6; v=1,2...)

s PL L TL P, gl e ()

(M)

as parameters v, and n;, of real displacement of the system,
If the system /\ consists of free points, then the magnitudes

d&,  dw, dt, dE; dnm,  db)
Tat ' Tde 0 Tdt 0 Tat 0 Tdt o Tdt
are independent,

Constraints imposed on the system result in formation of some relationships between
the above magnitudes, In that case, only independent magnitudes can be used as para-
meters of real displacement of the system, The above relationships do not, however,
influence the reasoning which follows. Changes that may be necessary, will be perfect-
1y obvious (e, g, in the formulas for group theory operators, which follow),

Change of the function of position (¢, «, B, v, &, ¢, @, &,, 0,, §,, 0, 89,0, V,
¢, %1, §,) ofamechanical system over a real displacement of the system, is given
by

(V:f,z.‘..)

d/={%ft~’*‘2'laXa-f+Eﬂivxzvf}dt (@=1,... 12 i=1,...,6,v=12,..)
Operators of the infinitesimal Lie group of real displacements, are
0 2 b7 2 li] 3
Yo=2, Xi=2, Xo=2 , X3="12, Xy= ", Xs= .2
T ™ T oy T T om
.9 . . d , siny 0
Ho=gp HrmeosVgg — e dsinbor + 8 ag
. i} 0 cos P @ a
—siny 2 sp 0 — O xy=" 2.3
X qmwaﬂ—kmﬁcoqwaw S0P 79 " oy (2.3)
To= X @, ¥, ¢),  Tn=X@ ¥, 9). Xu=go
2 a a d 0 a
Yv=5 Yo=0m Xo=0t =g = Lo~
(ve=1,2,...)

An infinitesimal Lie group of real displacements contains a subgroup of possible dis-
placements ¥ . X, (@ =1, 2, .., 12;i=1, 2, ., 6;v=1, 2,..), which consists
of two commutative subgroups of translational displacements X, Xi, Xy and X, X,
X,, referred to systems (1) and (2) and possessing the following properties: (X;, X;) = 0,
(X X)) =0(i, 7 =1, 2, 3;5, r= 4, 5, 6) of two rotational subgroups X Xg Xy
and Xy, Xy, X1 Teferred to systems (1) and (2) and possessing the properties

(X3, -Ys) = ~ X,, {Xsg, Xs) = — X, (Xyy X7) = — X3
(Xy0, Xyy) = — Xpo, (Xl_h X)) = — Xyoy (Xyp, Xyo) = — Ay

and of two commutative subgroups of relative displacements with the following properties

(X va) =0, X, X.,)= 0(,7=1,2 3s5r=4273, 6,v=12,..) '
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Operators from various subgroups are mutually interchangeable,

Structural constants of the group of possible displacementé are Crp= Csnn = Com =
= Cromz = Cye00 = Cpapon = — 1 Cips = — Cpaes i, k=17, 8, 9 or 10, 11, 12),
the remaining ones are equal to zero,

Velocities of the points of (1) are given, in the fixed Xy Iy 2 -systems, by

dx do de 2 \
?5 =T m S +u-qs— iy, (@, oy, xyz, wewe, pugiry) (2.4)

Velocities of the points of (2) in the same coordinate system are obtained from (2, 4)
by supplementing all the magnitudes except ¢, with a prime,
Kinetic energy of the system N is, in accordance with (1, 9) and (2, 4), given by

T= % MY+ L mvi Ly Ty +.;_ SmV,2 4 .i_ TmV,? 4

+PP+aQ+r Ry P 4+ ¢ Q'R +O 4+ O {2.5)
where ' p , ,
ve=(g) Hla) @) e @) S G

To= —;* {Ap:® 4+ Bq® 4 Cri* — 2Dqyry — 2Erypy — 2F pypn}

V2= (%%)2 4 (‘%’_})2 + (%E—V , P= %Emy—-%% Emz + Em (yw — 3v)

__ da dg dy
O =X ol sl hud
5 Smu + i Imy 4 % Imw

magnitudes  and 7 are obtained from P by cyclic permutations (@fy, 2y, wiw),
Ty, V% P, Q', R’ and @" from the comesponding unprimed functions by adding 2
prime to all (except ¢ and /%) of them and taking L' instead of Z, while the functions

AB C,D,E, F, A, B, C,D, E, F\, a, ¥, 5, =, Yy, 2, u v ow uw, v, w (2.6)
are given by well known kinematic formulas [4] in defining coordinates &, ¥, ¢ and
4, ¢, ¢’ together with the parameters

diodn odpody o &

Wyt dr ' dr it dit de
of real displacement of the system in terms of a;*,p;* and M: Also, Mis the mass of
system (1) while /' is the mass of system (2),
8. Although equations of motion of the systems could be written down, they are not
required for our purpose,
Direct computation of auxilliary magnitudes ;% and Bi*,'lexpressed in terms of Euler's
angles [4] shows, that the operators X (y = 7, ..., 12), applied to these magnitudes

wansform the tables of cosines a* and B;* of angles between the axes, into 3.1
0 0 0 agt [ L.
Kok ) ~ — agt —ag? —agd Xa(lakp~ 0 0 O
' wl @ ap? Tl — g
— gk — g? — a3 0 0 0
Xo(fak) ~ ot a?  a Xio 1Bk ) ~ —Bs' — RBs* —Bs®

U 0 0 R Be? B3
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Bst B B — 3 — B2 — B
Xu(IB*)~ U CIY X (B~ Bt B® BP
— Bt — B — B 0 0 0

from which we can find the variation of functions (2. 6) over the possible displacements
X, (y=17.., 12). E,g, we have

X, (2) =0, Xilpp=—2 5@ =y X, (u)=0, X,(0)= —w, X3 =, ..
from which we easily find
X, A)=0, X;(B)=2D, X, ()= —2D, X,D)=C~-—~B, X(Ey=F,...
In XYz and X'Y'2' coordinate systems we have
Smz = M [(A — o o] (2yz, aby, bovo) (3.2)
S'ma’ = M' (M — 1o’ + a1 (2'y'7, a'B'y, %'Bo'vo’)
Expression (2, 5) for kinetic energy yields, by (2. 4) and (3.2),

oT do oT L da’ e
= LME'{ (aB7) = MM = (@BY) (3.3)

rdey do’ dt
o(%) 2(%)
‘ZT ‘z Smy — dB Smz + Zm( &z, _‘fzi) =8 (Pgars, aBy, zyz, §18:89)
P

T dy’ B ' .4z’ z'@):&" 'a'ry, aBy, x'y's, S8 S v}
a.‘_,m.m.ng Z'mz’ —{—Em( ar P Ve, oY 2y 55, s

For the points of system (1) we have
8z, = ba + 0,2 — pyy + 8z,, 7= pi& (T Y1z, oBy, O1p1Th, Y2, pgir) (3:4)

where §zx,, 8y, and &8z, are the relative displacements of points of (1) referred to the
XYz axes in terms of projections on these axes,

Formulas for the systemn (2) are obtained from (3, 4) by indexing the appropriate magni-
tudes with a prime

Work done by exteral forces acting on the system A, the forces exerted by (2) on (1)
and the forces exerted by (1) on (2) are given, over any possible displacement, by

8U=6a(2X — Ry) 4 SB(ZY — Ry 4 & (22— R) 47y (Hx — Wa) &
+ O (Hy— W) 4 o1 (H, — W) + 8’ (2'X 4 R) - 8" (2Y + Ry ¢
40 (Z'Z 4 Ry) + 0 (H+ W) 4o (HY + W)+ of (H 4+ W)+
+ ZXbz, + 2Y8y, + £20z, 4 3'Xbz, 4 Z'¥by,’ + 228z 4 8U,
where 80/, is the work done by the forces listed above (without, however, the external
forces), over the relative displacements 8«,, ..., 8z,
Variation of U over a possible displacement is given by 8U = 20, X,(U).
Here o, are the parameters of possible displacements, Comparing it with (&5), we
obtain

(3.5)

X, (U)y= %X — Ry, X, WU)=3XY—R,, Xy(U)= 3Z—R,
X,(U)y=ZE'X + Ry X;(U)=Z2Y 4R, X, (U)=Z3%Z4R. (36)
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X7 (U) = Hx — Wx, ‘XS(U) = I:Ig/ - Wyv Xs (U) = Hl - I'Vz
Xy (U)= Hy + W), Xy (U)y=H,/ + w,, Ap(U)= H, 4+ W,

If helical displacements shown above are taken as possible displacements, then the work
done by internal forces isequal to zero,

4, Chetaev([2]developed a method of determination of cyclic firstintegrals by generalis-
ing the concept of cyclic coordinates and inwoduced the concept of cyclic displacements,

The latter concept can be enlarged by replacing the condition of conservation of the
Lagrangian over any displacement, with the condition of conservation of the potential
energy over a linear combination of possible displacements possessing constant coeffici-
ents, At the same time the condition that cyclic displacements form an Abelian sub=
group of the group of possible displacements, is replaced with some structural properties
of the function expressing the kinetic energy of the system,

Poincaré equations [1 and 2] for mechanical systems with /% degrees of freedom under
smooth holonomic constraints and acted upon by forces admitting the force function,
have the form

%%zzp Camna%—mﬁ (=1 h) (4.4)
where L = T - U is the Lagrangian function, 7); are real independent varjables de-
fining real displacements of the system, C,;g are the structural constants of an intrans-
itive group of /% elements of infinitesimal operators X; of possible displacements linear

with respect to 73 real independent variables z,, ..., z,, which define the position of our
mechanijcal system,
Displacements X (& = s -} 1, ..., k) are according to Chetaev cyclic, if they satisfy
the conditions
X, L=0, (Xgr Xp) =X Xy — XX, =0 B=1,....k (4.2)

Equations (4, 1) yield, for cyclic displacements, according to (4, 2), the foltowing first
integrals

OL _ const (@==s41,...,k) (4.3)

I,

Let the kinetic energy of the mechanical system be of the form
T=1 Zgapnanp + Za,ng + To (8up = Epa)

where the coefficients 8qpr 8o and T, are the functions of variables ¢, z, ..., Tn.
Potential energy [/ is a function of variables @i, ..., Zp.
Displacements X, can be considered as compound cyclic displacements, provided
that conditions

r
NAX,(U)=0 (r<k) for some values of A, (4.4)
v=1
K K
X, (8qp) = 2 (CuavBay + Copy Bay), X, (a,)= 2 Cuayy
v=1 y=1
X, (Ty)=0 (A, = const)

are fulfilled,

Set of the compound cyclic displacements makes it possible to obtain a first integral
from equations of motion (4, 1),
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Multiplying the v-th equation of (4,1) by a constant multiplier A, and collecting
7~ equations in accordance with (4, 4), we obtain
r
d oy, Ty
ot . ‘om,

ve=

First integral for the set of compound cyclic displacements is then

r
E b, 01, = const (4.5)
v 1 On‘l

Displacements X; (i = 1, ..., k) can yield several sets of compound cyclic displace~
ments X and a first integral exists for each ser,

If the displacement (A", is cyclic in the Chetaev sense, then from the second condition
of (4. 2), we have

Coi =0 B.i=1, ..., &)
Let us put
Ay =0 (s=1,..,v—1, v 41, .., ho==0
Then (4, 4) will yield
X, (ry=0 X, (U)=0

from which the first condition of (4, 2) follows,

In this case, the enlarged concept of cyclic displacement coincides with Chetaev's

concept of cyclic displacements.
5, Letus assume that for the problem under consideration, the values of A, are

A= Kx' (m'e’ — n'b")  (MAghy, I'm'n’, a'b’c’)
Ao=%(me — nb)  (Adghy, Imn, abe)
Ap=1, Ag=m, Aa=n, hy= Kl', Ay = Km', k= En’

By (1, 5),(1.6) and (3, 6) and assuming that
W=H-—pAXR=H —wA xR

we have 12
2 AMX,(U)=0
v=]
Third and fourth condition of (4, 4) hold, since a,= 0 and Ty = 0.
Second condition of (4, 4) can be directly verified using Expression (2, 5) for potential
energy and the values of structural constants,
First integral of (4, 5) has the form

ving [y oy oABY o ada Ly ,d_B_b,qg)}
KMM{z (bm c?ﬂ)j'm(c(ﬂ_ aa>+n(adt a4

+ M {1(1;‘%—0’%)+nz<c%—a‘%)+n(a‘%—b‘%)}+zs,+msg+

+ n8y 4 K (I'Sy -+ m'Sy’ + n’Sy’) = const

Possible displacements corresponding to various operators.of the groups, are considered
for other problems in [5 to 7] and cyclic displacements are also given there,
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